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Computing the Input Force for Impact

• Zoom Tutorial, Tuesday, May 19, a student asked how to obtain the 
impact forces for the input into simulation studies of Impact.

• How do you specify how high your designed ventilator can drop 
without getting damaged?

• Is there a theoretical basis? Are there equipment to measure 
impact forces?

• What is the best approach for us to design for this?
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Theoretical Basis

• By the end of this term, we should be acquainted with the 3D 
governing equations for static and dynamic analyses

• Note that when you simulate, all you are essentially supplying the 
materials, contacts, and boundary conditions to the finite element 
solutions of these equations for your model.

• Before we get into that, let us examine the impact problem from 
a simple 1-D idealization from the standpoint of Transient 
Vibrations.
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Essential Math: Dirac Impulse 
Function

• Engineers model impulse excitations using the Dirac Delta Function. 

• An impulse takes place over a very short time. In the picture here, note 
the following:

• Each case is a unit impulse if the area of the rectangle, centered at the origin, is 1. 
This is achieved by simply allowing the height to be the reciprocal of the time duration.

• At the base tends to zero, the height approaches infinity. This defines, at the origin, 
the Dirac Delta Function or Unit Impulse, 𝛿(𝑡). You will soon see the genius in this idea. 

• Notice that If we had used double the area, each time we would have an impulse twice 
the size of the unit impulse. This is therefore unit measure of impulse, so that, given 
any scalar, 𝛼, the quantity, 𝛼𝛿(𝑡) is an impulse at the origin with strength 𝛼. 

• At another point, 𝜏, in time, we have, 𝛼𝛿 𝑡 − 𝜏 , defining an impulse of strength 𝛼.
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Essential Math: The Convolution • Certain integrals, based on a pair of functions, are bread 
and butter for engineering analysis. They are called a 
convolution. 

• If you have been taught transform theory, you would have 
learned that the transform (Fourier, Laplace, etc.) of a 
convolution is the product of the transforms of the 
functions in the convolution. 

• Our concern here is limited to ensuring that you know what 
a convolution is. So we define it and look at a few 
examples.

• Definition: Given functions 𝑓(𝑡) and 𝑔(𝑡) in the domain, 
𝑎 ≤ 𝑡 ≤ 𝑏, The integral,

𝑓 ∗ 𝑔 𝑡 ≡ න
𝑎

𝑏

𝑓 𝑡 − 𝜏 𝑔 𝜏 𝑑𝜏 =න
𝑎

𝑏

𝑓 𝜏 𝑔 𝑡 − 𝜏 𝑑𝜏

is defined as 𝑓 ∗ 𝑔 𝑡 , the convolution of 𝑓(𝑡) and 𝑔(𝑡). 

• Impact forces can be estimated by the convolution of 
the forcing function with the response to the unit 
impulse

• In the examples shown, the domain 0 ≤ 𝑡 ≤ 𝜋 is assumed 
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𝑓(𝑡) 𝑔(𝑡) න
𝑎

𝑏

𝑓 𝑡 − 𝜏 𝑔 𝜏 𝑑𝜏 න
𝑎

𝑏

𝑓 𝜏 𝑔 𝑡 − 𝜏 𝑑𝜏

𝑡2 sin 𝑡
න
0

𝜋

sin 𝜏 𝑡 − 𝜏 2𝑑𝜏 න
0

𝜋

sin(𝑡 − 𝜏) 𝜏2𝑑𝜏

𝑎2 + 𝑡2 cosh 𝑡
න
0

𝜋

cosh 𝜏 𝑎2 + (𝑡 − 𝜏)2𝑑𝜏 න
0

𝜋

cosh(𝑡 − 𝜏) 𝑎2 + 𝜏2𝑑𝜏

log 𝑡 sin 𝑡
න
0

𝜋

sin 𝜏 log(𝑡 − 𝜏) 𝑑𝜏 න
0

𝜋

sin(𝑡 − 𝜏) log 𝜏 𝑑𝜏

cosh 𝑡 sin 𝑡
න
0

𝜋

sin 𝜏 cosh(𝑡 − 𝜏) 𝑑𝜏 න
0

𝜋

sin(𝑡 − 𝜏) cosh 𝜏 𝑑𝜏



Transient Vibrations

• Our problem is transient for the simple fact that the forcing 
function, the impact excitation, lasts for a short duration. 

• In sustained vibrations, the forcing function will usually be 
periodic and sustained.

• Two simple ways of dealing with this are Impulse Response and 
Indicial Response.

• In either case, we take the response to an idealized, elementary 
excitation, treat any real excitation as a sum of several simple 
excitations.
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Sub-Division into Rectangles

• Consider a simple lumped parameter vibratory system,
𝑚 ሷ𝑥 + 𝑐 ሶ𝑥 + 𝑘𝑥 = 𝐹 𝑡

where 𝐹 𝑡 is an arbitrary transient function.

• We can subdivide the function into several rectangles 
and approximate 𝐹 𝑡 as a sum of these simple 
rectangle functions.

• The larger the number of rectangles used, the closer 
our approximation to the 𝐹 𝑡 . In the limit, each of 
these has width Δ𝜏 → 0.

• At each point we have the Dirac Delta function times 
the height 𝐹 𝜏 at each point.
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𝑘
𝑐

𝐹(𝑡)

𝜏

𝑚

Of course, your ODE 

theory can be called 

upon when 𝐹(𝑡) is an 

elementary function. 

Things get complicated 

when it is an arbitrary 

function such as an 

impact. 



Dirac Delta Function

• Define the unit impulse as a rectangular pulse with a duration of Δ𝜏 and 

a force 
1

Δ𝜏
so that its strength is unity. As Δ𝜏 → 0, 

1

Δ𝜏
→ ∞ in such a way 

that the product area is always unity.

• We have defined the Dirac Delta function, 𝛿 𝑡 . It is the unit impulse.

• If it occurs at the origin, we can write,

𝛿 𝑡 = 0, 𝑡 ≠ 0,

න
−∞

∞

𝛿 𝑡 𝑑𝑡 = 1
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Dirac Delta Function

• If it occurs at 𝑡 = 𝜏, we can write,

𝛿 𝑡 − 𝜏 = 0, 𝑡 ≠ 𝜏,

න
−∞

∞

𝛿 𝑡 − 𝜏 𝑑𝑡 = 1

• A pulse of an arbitrary magnitude 𝐹(𝜏) at time 𝑡 = 𝜏 is therefore 

the product,

𝐹(𝜏)𝛿 𝑡 − 𝜏
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The Sum of the Impulses

• Imagine that we can find ℎ(𝑡 − 𝜏), the Impulse Response at time 
𝑡 = 𝜏, that is, the response of the vibratory system to the unit 
impulse, then we can sum up the response to all the impulses in 
the interval 0 ≤ 𝜏 ≤ 𝑡.

• Mathematically, we are saying that, ℎ(𝑡 − 𝜏) is the solution to the 
differential equation,

𝑚 ሷ𝑥 + 𝑐 ሶ𝑥 + 𝑘𝑥 = 𝛿 𝑡 − 𝜏

• We want to find the solution to, 
𝑚 ሷ𝑥 + 𝑐 ሶ𝑥 + 𝑘𝑥 = 𝐹(𝑡)
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Convolution

• Superposition allows us to say that the response to the sum of the 
impulses is the sum of the responses to the impulses. Therefore, 
find the solution to, 

𝑚 ሷ𝑥 + 𝑐 ሶ𝑥 + 𝑘𝑥 = 𝐹(𝑡)

is,

𝑥 𝑡 =

𝜏=0

𝑡

𝐹 𝜏 ℎ 𝑡 − 𝜏 Δ𝜏 → න
0

𝑡

𝐹 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏

As Δ𝜏 → 0. This is the convolution of the forcing function with the 
Impulse Response.
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The Convolution Integral

• Easy to show that 

න
0

𝑡

𝐹 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏 = න
0

𝑡

𝐹 𝑡 − 𝜏 ℎ 𝜏 𝑑𝜏

• Let 𝑧 = 𝑡 − 𝜏. Then, 𝑑𝜏 = −𝑑𝑧. 𝜏 = 0 ⇒ 𝑧 = 𝑡; 𝜏 = 𝑡 ⇒ 𝑧 = 0. Changing variables, we can write,

න
0

𝑡

𝐹 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏 = −න
𝑡

0

𝐹 𝑡 − 𝑧 ℎ 𝑧 𝑑𝑧

= න
0

𝑡

𝐹 𝑡 − 𝑧 ℎ 𝑧 𝑑𝑧

= න
0

𝑡

𝐹 𝑡 − 𝜏 ℎ 𝜏 𝑑𝜏

By observing that 𝑧 is a dummy variable in the last expression.
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Exercize: Form the convolution 

of these function pairs:

1. 𝑥2, log 𝑥

2. cos2𝜃 ,
𝑒𝜃
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Impulse Response

• Assuming zero displacement and velocity at point of impulse, we 
now solve the equation, 

𝑚 ሷ𝑥 + 𝑐 ሶ𝑥 + 𝑘𝑥 = 𝛿 𝑡

• Note that the solution to 𝑚 ሷ𝑥 + 𝑐 ሶ𝑥 + 𝑘𝑥 = 𝛿 𝑡 − 𝜏 is simply shift of 
the former. We consider the response to the impulse at the origin 
by analyzing the system in two distinct periods:

1. Just before the impulse (𝑡 = 0−) and 

2. After the impulse (𝑡 ≥ 0+)

• Integrating the governing equations twice, we have,

𝑚 𝑥 0+ − 𝑥 0− + 𝑐න
0−

0+

𝑥 𝑡 𝑑𝑡 + 𝑘ඵ
0−

0+

𝑥 𝑡 𝑑𝑡𝑑𝑡 = ඵ
0−

0+

𝛿 𝑡 𝑑𝑡𝑑𝑡
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Impulse Response

• But, 𝑥 0− = ሶ𝑥 0− = 0 as we know the initial conditions. 
Furthermore, the first integral of the delta function yields unity, 
Integrating again gives zero. 

• We can therefore write 

𝑚 𝑥 0+ − 𝑥 0− + 𝑐න
0−

0+

𝑥 𝑡 𝑑𝑡 + 𝑘ඵ
0−

0+

𝑥 𝑡 𝑑𝑡 = ඵ
0−

0+

𝛿 𝑡 𝑑𝑡

𝑚 𝑥 0+ − 0 + 0 + 0 = 0

• Hence, 𝑥 0+ = 0.
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Since 𝑥 𝑡 is finite, its 

integral over an 

infinitesimal region is zero.



Impulse Response

• Integrating only once, we have,  

𝑚 ሶ𝑥 0+ − ሶ𝑥 0− + 𝑐 𝑥 0+ − 𝑥 0− + 𝑘න
0−

0+

𝑥 𝑡 𝑑𝑡 = 1

𝑚 ሶ𝑥 0+ − 0 + 0 + 0 = 1

• Hence, ሶ𝑥 0+ = 1/𝑚. That means that the impulse response 
can be obtained as a free vibration problem with the initial 
conditions 𝑥 0+ = 0; ሶ𝑥 0+ = 1/𝑚. Hence, 

ℎ 𝑡 =
1

𝜔𝑑𝑚
e−𝜁𝜔𝑛𝑡sin 𝜔𝑑𝑡

Tuesday, May 26, 2020lms.s2pafrica.com

16

𝜔𝑛 =
𝑘

𝑚
,

𝜁 =
𝑐

2 𝑘𝑚
,

𝜔𝑑 = 1 − 𝜁2 𝜔𝑛

Across a unit impulse, 

there is continuity of 

displacement, a 

discontinuity in velocity.



Impulse Response

ℎ 𝑡 − 𝜏 =
1

𝜔𝑑𝑚
e−𝜁𝜔𝑛 𝑡−𝜏 sin𝜔𝑑 𝑡 − 𝜏

for 𝑡 > 𝜏 and zero otherwise.

• You can obtain the impulse response using Mathematica. 
It is a single expression as follows:
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Borel’s Theorem, Impulse Response

• We have done two things: 

1. We proved a vital theorem called Borel’s Theorem:
The response of a system to an 
arbitrary excitation is the convolution 
of that excitation and the Impulse Response. 

2. Computed the Impulse Response
• All we therefore need to compute a response is the excitation function; we 

can simply convolve this with the Impulse Response and obtain the response 
function.

• Let us use this to compute the response of a system to a simple impact.
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Drop Test 19
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Imagine you are carried 
inside an elevator in free 
fall from the 10th floor of 
a building and it hit and 
stayed on the ground. 

You know that there will 
be a large force acting on 

you as a result of this.

You also know that if it 
happened from the third 
floor, the forces it will be 

reduced; and if the 
twentieth floor, they 

would be more. 

Would you prefer to have 
a mattress inside that 

lift? Why?

We know all these by 
instinct. And can we 

quantify? O yes, we can, 
using a simple model.



Drop Test: Simplest Case

• Let the box shown be the elevator. We model the 
mattress with a simple spring support as shown. 

• Our objective is to determine the maximum force 
exerted on this body as a result of the impact. 

• If the drop distance is 𝐻. Assuming the box and its 
contents were all at rest before the drop. How long 
does it take for the box to reach the floor?

𝐻 = 𝑢 +
1

2
𝑔𝑡2 ⇒ 𝑡 =

2𝐻

𝑔

• There two discrete equations of motion. 

1. Before the impact

2. After the impact.
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Drop Test: Simplest Case

• Before the impact.
• The absolute displacement of the mass is 𝑥 + 𝑥1. 

Differentiating this twice with respect to time gives the 
acceleration. And the force resisting motion is the pull of 
the spring. This depends ONLY on 𝑥 (spring force is 
proportional to spring extension)

• Hence
𝑚 ሷ𝑥 + ሷ𝑥1 = −𝑘𝑥

• But ሷ𝑥1 is the acceleration of the box in free fall ሷ𝑥1 = 𝑔. We 
can rewrite the equation above and get a more familiar 
equation during the fall:

𝑚 ሷ𝑥 + 𝑘𝑥 = −𝑚 ሷ𝑥1 = −𝑚𝑔

• Which is a forced undamped vibration with the forcing 
function −𝑚𝑔.
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Box In Flight

• As shown earlier, the response to this forcing function is simply 
the convolution with the impulse response, 

𝑥(𝑡) = න
0

𝑡

−𝑚𝑔 ℎ 𝑡 − 𝜏 𝑑𝜏

= −
𝑚𝑔

𝑚𝜔𝑛
න
0

𝑡

sin𝜔𝑛 𝑡 − 𝜏 𝑑𝜏

=
𝑔

𝜔𝑛
2 1 − cos𝜔𝑛𝑡

….is the equation of motion until the box touches the ground. 
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On the Ground

• Box no longer in motion. Elapsed time, 𝑡0 =
2𝐻

𝑔
. 

• We now have a simple unforced vibration. However, the initial 
conditions are provided by the flight function. 

• Initial Displacement, 𝑥 0 = 𝑥 𝑡0 =
𝑔

𝜔𝑛
2 1 − cos𝜔𝑛𝑡0

• Initial velocity ሶ𝑥 0 = ሶ𝑥 𝑡0 + 𝑔𝑡0 = −
𝑔

𝜔𝑛
sin𝜔𝑛𝑡0 + 𝑔𝑡0

• Note that the first term is not enough as it is the 
relative velocity to the box which up to this point was 
itself in motion to supply the initial condition. 
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On the Ground

• Applying this to the solution of the undamped, free vibration we 
have,

𝑥 𝑡 = 𝐴 cos𝜔𝑛𝑡 + 𝐵 sin𝜔𝑛𝑡

= −
𝑔

𝜔𝑛
2 1 − cos𝜔𝑛𝑡0 cos𝜔𝑛𝑡 +

𝑔𝑡0
𝜔𝑛

−
𝑔

𝜔𝑛
2 sin𝜔𝑛𝑡0 sin𝜔𝑛𝑡

= −
𝑔

𝜔𝑛
2 1 − cos𝜔𝑛𝑡0 cos𝜔𝑛𝑡 − 𝜔𝑛𝑡0 − sin𝜔𝑛𝑡0 sin𝜔𝑛𝑡

ሶ𝑥 𝑡 = −
𝑔

𝜔𝑛
− 1 − cos𝜔𝑛𝑡0 sin𝜔𝑛𝑡 − 𝜔𝑛𝑡0 − sin𝜔𝑛𝑡0 cos𝜔𝑛𝑡

ሷ𝑥 𝑡 = 𝑔 1 − cos𝜔𝑛𝑡0 cos𝜔𝑛𝑡 + 𝜔𝑛𝑡0 − sin𝜔𝑛𝑡0 sin𝜔𝑛𝑡
Tuesday, May 26, 2020lms.s2pafrica.com
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Maximum Impact Force

Two equivalent ways to compute the maximum force:
𝐹 = 𝑚 ሷ𝑥𝑚𝑎𝑥 = −𝑘𝑥𝑚𝑎𝑥

Either way, we obtain, 
𝐹 = 𝑚𝑔 1 − cos𝜔𝑛𝑡0

2 + 𝜔𝑛𝑡0 − sin𝜔𝑛𝑡0
2

=
𝑘𝑔

𝜔𝑛
2 1 − cos𝜔𝑛𝑡0

2 + 𝜔𝑛𝑡0 − sin𝜔𝑛𝑡0
2

This shows that the maximum force increases with mass, stiffness 
and height (measured by 𝑡0).
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simplifying assumptions 

made to obtain it.



Impact Simulation

• Part of the Nonlinear algorithms in Fusion 360

• Linear static stress algorithms become incorrect under certain 
conditions. Impact simulation, because it has large displacements 
and rigid body motions, is one of these cases.

• Forces can also go beyond the linear region in a regular material 
that could be assumed linear.
We consider the general cases of nonlinearity.
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Limitations of Linear Static 
Stress Simulation

• Assumes Linearity, Elasticity, small deformations and strains.

• Linearity is about the force and the material response. Or 
between stress and strain. When this is a linear relationship, we 
have linearity. Otherwise it is non-linear.

• Elasticity is the ability to return to the original state once loads 
are removed. If this does not happen, the model is NOT elastic. 
It is possible to have linear inelasticity, or nonlinear elasticity.

• Small strains. Look again at the tensor strain-deformation 
relationship. Pages 23-30 Week Three, Term two slides. On the 
left is a cut out from slide 25. When strains are small the 
nonlinear terms in strain are ignored. 

• Linear static stress assumes the above.
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3 Types of Nonlinearity: Material 
Nonlinearity

• The material MUST be elastic AND must also be 
linearly elastic.

• It assumes that, in addition to being elastic, the 
deformation remains in region 1 in the adjacent 
diagram. Constant modulus of elasticity.

• When a material has a very small region 1; these 
conditions are not met. Analyzing such materials 
with linear static stress is erroneous.
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3 Types of Nonlinearity: 
Geometric Nonlinearity

• A material may remain elastic. It may even be linearly 

elastic. Yet it is possible for such a material to become 

susceptible to nonlinearity as a result of large displacements. 

• Stress-displacement relationships for linear static stress are 

assumed to be,

𝐸𝑖𝑗 =
1

2

𝜕𝑢𝑖
𝜕𝑋𝑗

+
𝜕𝑢𝑗

𝜕𝑋𝑖

ignoring the nonlinear part 
𝜕𝑢𝑘

𝜕𝑋𝑖

𝜕𝑢𝑘

𝜕𝑋𝑗
that becomes important 

when strains are no longer small. Once displacement gradients 

are large, equations that the software is solving, for linear 

static stress, are no longer applicable to the model.

lms.s2pafrica.com Tuesday, May 26, 2020 29



3 Types of Nonlinearity: Moving 
Loads, Constraints and Contacts

• In the first diagram, we observe that the load moved from an 

initial position to a final position. However, the assumption 

here is that the shift is very small. The load is assumed to 

remain in its original position in the algorithm.

• If you will bend a straight bar to the curved one shown in the 

lower diagram, the displacement is so large that both 

magnitude as well as direction of the load are different 

through the deformation.

• Static Linear stress algorithms are not designed to deal with 

such situations. The bending torques here will act along a 

line on each face perpendicular to the axis of the beam. 
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Mechanical Event Simulation: Snap Fit

• Snap Fit Tutorial is one of three Event Simulation Examples already on 
your computer if you properly installed Fusion 360. 

• Under your Data Panel, Move to Samples->Basic Training -> 11 
Simulation. Open the SnapFit file and save it to your preferred directory 
in the name you want.

• Help drop down menu (?) is at the top right. Select Learning & 
Documentation from there, Selecting Product Documentation launches 
your default browser. 

• Find Simulation and go to Tutorials. Under Event Simulation you will find 
the Snap-Fit set of five steps to carry out this event simulation.
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SnapFit Work Through

• Constraints: 
• Rigid Body: Here the stator is chosen because it is the mobile par of the 

finger that is being designed.

• Rigid body remains unmoved once any part of it is constrained to be fixed.

• Prescribed motion, surprise, surprise is a constraint rather than a load. You 
will find you may still be able to specify it as a load.

• Contacts: 
• Defaults are ok for this simulation. Forget it at your peril.

• Meshing: Advise to stick with the defaults.
• Event simulation is processor time consuming. I did some simulations for ten 

hours over the weekend. Do not allow your mesh to become too refined.
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SnapFit Work Through

• It is not a bad idea to do this simple drawing from scratch.

• I veered away from the instructions by applying simplify to my 
own model because I was receiving errors initially. I took 
advantage of the symmetry. I later found that the error came from 
somewhere else.

• Discuss results and animation.
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• This is another interesting simulation. 
Unfortunately, I could not find the model 
nor a good description of their drawing. 

• The idea is to simulate the forces that 
result from forcing the Pin to snap into 
the catch shown.

• Notice again that this problem has 
symmetries and can be simplified to 
reduce computation time.

• Not a trivial matter if computation takes 10 
hours, you may reduce it to five!

• You MUST do these in the cloud because your 
computer will need months or years to do an 
event simulation!

The Pin-Catch Event
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• Here are the dimensions 
in my own sketch

• Use whatever you like or 
do a whole spec of your 
own. The idea is simple.

The Sketch
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Assembly, Contact Sets 36

• Use contact sets in the assembly to create the 
contact relations between components.

• Move the parts to their proper positions before 
simulating. Demonstrate contact sets in 
Workflow.

• Contact sets allow kinematically compatible 
motions in design mode.

• Make sure you create the contacts in the 
assembly of components and select as 
components. 

Tuesday, May 26, 2020lms.s2pafrica.com



Material Selection & Gravity

• It is more efficient to do material selection at design time.

• You can override materials at simulation time; 

• If you will do a lot of simulations, it is a pain in the neck to have to keep doing your materials 

override each time.

• You will still need to manage physical materials for your event simulation by selecting the 

material and adding the advanced properties such as the nonlinear behavior, the work-

hardening rule (isotropy, kinematic, etc.) and the hardening curve.

• Event simulation requires materials that can go beyond the failure design criterion. 

• You may find your simulation not working because of this.

• Also add gravity toggle to your simulation. The package is sensitive to the neglect of gravity.
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Degree of Freedom Checks

• The color-coded Degree of freedom 
checks can give you a lot of 
information on the reason your 
model is not able to compute. 

• Check for the usual culprits such as 
materials, contacts, constraints and 
loads. 

• Use the attached linked video as a 
guide here. I think it is a good video 
but you may have to make your 
model as I could not find the 
referenced model. Appears already 
removed.
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Home Work

• Use the same profile to create the circular pin-
catch system.

• This was used for the bonnet latch of the Old 
Volkswagen beetle.

• Use contact sets to place the two objects in the 
initial position for an entry simulation.

• Check if the resulting design can open and close 
without creating forces beyond yielding for the 
two components.
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The Forces of a Drop Test

• This is a simple demonstration of an Event Simulation of a drop 
test.

• A steel ball is given an initial velocity and allowed to drop on to a 
sheet of metal that is supported in different ways.

• My files and workflow are available for downloading.

• I will be presenting the results for analysis. The workflow is easy 
enough to orchestrate in class. 
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